In this paper, we determine the eigenvalue intervals of λ 1 , λ 2 , · · ·, λ n for which the iterative system of nonlinear Sturm-Liouville fractional order two-point boundary value problem possesses a positive solution by an application of Guo-Krasnosel'skii fixed point theorem on a cone.
Introduction
In recent years, the study of fractional order differential equations has emerged as an important area of mathematics. It has wide range of applications in various fields of science and engineering such as physics, mechanics, control systems, flow in porous media, electromagnetics and viscoelasticity. For some of the recent developments in fractional calculus, we refer to Miller and Ross [19] , Samko, Kilbas and Marichev [22] , Podlubny [20] , Kilbas, Srivasthava and Trujillo [15] , Kilbas and Trujillo [16] , Diethelm [4] , Diethelm and Ford [5] , Lakshmikantham and Vatsala [18] , Goodrich [7] and the references therein.
c 2014 Diogenes Co., Sofia pp. 638-653 , DOI: 10.2478/s13540-014-0190- 4 Much interest has been created in establishing positive solutions and multiple positive solutions for two-point, multi-point boundary value problems (BVPs) associated with integer and fractional order differential equations. To mention the related papers along these lines, we refer to Erbe and Wang [6] , Davis, Henderson, Prasad and Yin [3] for integer order differential equations, Henderson and Ntouyas [9, 10] , Henderson, Ntouyas and Purnaras [11, 12] for iterative systems of integer order differential equations, Bai and Lü [1] , Zhang [24] , Kauffman and Mboumi [13] , Benchohra, Henderson, Ntoyuas and Ouahab [2] , Su and Zhang [23] , Khan, Rehman and Henderson [14] for fractional order differential equations.
Recently, Prasad and Krushna [21] established the existence of multiple positive solutions to the coupled system of fractional order differential equations, D
, satisfying Sturm-Liouville two-point boundary conditions,
We wish to extend these results to the iterative systems of fractional order BVPs. Motivated by above papers, in this paper, we consider the iterative system of Sturm-Liouville fractional order BVP,
where D q i a + , i = 1, 2, 3 are the standard Riemann-Liouville fractional order derivatives, 1 < q 1 ≤ 2, 0 < q 2 , q 3 ≤ 1, α, β, γ and δ are positive real numbers such that either α and β or γ and δ are not simultaneously zeros and 0 ≤ a < b.
We shall determine eigenvalue intervals of λ 1 , λ 2 , · · ·, λ n for which there exist positive solutions of the BVP (1.1)-(1.2). By a positive solution of (1.1)-(1.2), we mean (y 1 (t), y 2 
We assume the following conditions hold throughout the paper:
for 1 ≤ i ≤ n, exists as positive real numbers. The rest of the paper is organized as follows. In Section 2, we construct the Green function for the homogeneous BVP corresponding to (1.1)-(1.2) and estimate the bounds for the Green's function. In Section 3, we establish criteria to determine the eigenvalues for which the BVP (1.1)-(1.2) has at least one positive solution in a cone by using Guo-Krasnosel'skii fixed point theorem. In Section 4, as an application, we demonstrate our results with an example.
The Green Function and Lemmas
In this section, we construct the Green function for the homogeneous BVP corresponding to (1.1)-(1.2) and estimate the bounds for the Green function which are needed to establish the main results.
Consider the homogeneous BVP corresponding to (
satisfying the boundary condition (2.2), has a unique solution,
where G(t, s) is the Green function for the BVP (2.1)-(2.2) and is given by 
and hence
Using the boundary condition (2.2), we can determine c 1 and c 2 as
Thus, the unique solution of (2.1)-(2.2) is
G(t, s)h(s)ds,
where
P r o o f. By using the condition (A3) and from (2.
the Green function G(t, s) satisfies the following inequalities
We prove the first inequality in (2.5). From (2.4), we have
Hence the first inequality in (2.5) is proved. Now, we establish the second inequality in (2.5). For a ≤ t ≤ s ≤ b and t ∈ I,
Hence the second inequality in (2.5) is proved. 2 
and
In establishing our main result, we will employ the following fixed point theorem due to Guo-Krasnosel'skii [8, 17] . 
Then T has a fixed point in P ∩ (Ω 2 \Ω 1 ).
Positive Solutions in a Cone
In this section, we establish a criteria to determine the eigenvalues for which the fractional BVP (1.1)-(1.2) has at least one positive solution.
Let Define a cone P ⊂ X by
x . Now, we define an integral operator T : P → X, for y 1 ∈ P , by
Notice from (A1), (A2) and Lemma 2.2 that, for y 1 ∈ P , T y 1 (t) ≥ 0 on [a, b] . Also, for y 1 ∈ P , we have from Lemma 2.3, that
Next, if y 1 ∈ P , we have from Lemma 2.3 and (3.2) that
Therefore,
Hence, T y 1 ∈ P and so T : P → P . Further, the operator T is completely continuous operator by an application of the Arzela-Ascoli Theorem. Now, we seek suitable fixed point of T belonging to the cone P . For our first result, we define positive numbers N 1 and N 2 , by
and 
there exists an n-tuple
P r o o f. Let λ i , 1 ≤ i ≤ n, be given as in (3.5) . Now, let > 0 be chosen such that max 1≤i≤n 3a + b 4b
We seek fixed point of the completely continuous operator T : P → P defined by (3.1). Now, from the definitions of f i0 , 1 ≤ i ≤ n, there exists an
Let y 1 ∈ P with y 1 = H 1 . We first have from Lemma 2.3 and the choice of , for a
It follows in a similar manner from Lemma 2.3 and the choice of that, for a ≤ s n−2 ≤ b,
Continuing with this bootstrapping argument, we have, for a ≤ t ≤ b,
Let y 1 ∈ P and y 1 = H 2 . Then,
Then, from Lemma 2.3 and choice of , for a ≤ s n−1 ≤ b, we have that
It follows in a similar manner from Lemma 2.3 and the choice of , for a ≤ s n−2 ≤ b,
Again, using a bootstrapping argument, we have
Hence, T y 1 ≥ y 1 . So if we set
Applying Theorem 2.1 to (3.6) and (3.7), we obtain that T has a fixed point y 1 ∈ P ∩ (Ω 2 \Ω 1 ). Setting y 1 = y n+1 , we obtain a positive solution (y 1 , y 2 , · · ·, y n ) of (1.1)-(1.2) given iteratively by
The proof is completed.
2
Prior to our next result, we define the positive numbers N 3 and N 4 by (3.8) and
there exists an n-tuple (3.10) . Now, let > 0 be chosen such that max 1≤i≤n 3a + b 4b
Let T be the cone preserving, completely continuous operator that was defined by (3.1) . From the definition of f i0 , 1 ≤ i ≤ n there exists H 3 > 0 such that, for each 1 ≤ i ≤ n,
Also, from the definitions of f i0 , it follows that f i0 (0) = 0, 1 ≤ i ≤ n, and so there exist 0
Choose y 1 ∈ P with y 1 = K n . Then, we have
Continuing with this bootstrapping argument, it follows that
So, T y 1 ≥ y 1 . If we put
(3.11) Since each f i∞ is assumed to be a positive real number, it follows that
Then, it is straightforward that, for each 1
Choose y 1 ∈ P with y 1 = H 4 . Then, using the usual bootstrapping argument, we have
and so T y 1 ≤ y 1 . So, if we let
(3.12) Applying Theorem 2.1 to (3.11)-(3.12), we obtain that T has a fixed point y 1 ∈ P ∩ (Ω 2 \Ω 1 ), which in turn with y 1 = y n+1 , yields an n-tuple (y 1 , y 2 , ···, y n ) satisfying the BVP (1.1)-(1.2) for the values of λ i , 1 ≤ i ≤ n. The proof is thus completed. 
Example
In this section, as an application, we demonstrate our results with an example.
Consider the two-point fractional order BVP 
